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1. In a graph, let the imons to be the vertices and entanglements be edges. At first,
in an arbitrary fashion we perform operaton 1 to those vertices with odd degree
repeatedly, until all remainig vertices have even degree. If the sum of degree of all
vertices is 0 we are done. Otherwise, we record the number d0 as the sum of degree
of all vertices and perform operation 2 and do some necessary deletion of points.
We claim that after these operations, the sum d1 of degree of all vertices is less than
d0.

Now, let the vertices to be v1, v2, . . . , vk and let D(vi) which are all even to be degree

of vertex vi, so
k∑

i=1

D(vi) = d0. Then, by performing operation 2, which produces

new copy v′1, v
′
2, . . . , v

′
k yields that D(vi) increases by 1 since vi is entangled to

v′i. Also that D(v′i) = D(vi) by the problem condition, so all vertices now have
odd degree. First, we identify all points vi with degree 1 (so that its only edge is
connected to v′i), and W.L.O.G. let these vertices to be v1, v2, . . . , vk′ . This enables
us to perform operation 1 to v′i for 1 ≤ i ≤ k′, so now D(vi) = 0 for such vertices vi
and for k′+ 1 ≤ i ≤ k the number D(vi) and D(v′i) remains unchanged (since none
of them is connected to vj and v′j for j ≤ k). Next, for vertices v′k′+1, v

′
k′+2 . . . , v

′
k

we perform operation 1 to those vertices with odd degree repeatedly:

Case 1. If it is possible to delete all vertices v′i for k′+ 1 ≤ i ≤ k, then we delete all
vertices v′i in that process except the last vertex, say v′k. Now, D(vi) is decreased
by 1 again for all i, i.e. same as the moment before performing operation 2 (hence
even) except D(vk) which remains unchanged since we performed operaton 2 just
now (hence odd). Hence, we can delete vk and right now we have v1, v2, . . . , vk−1, v

′
k

left, in which 0 = D(v′k) < D(vk) and D(vi) doesn’t increase (when compared to
the moment before performing the operation 2) for all i ≤ k − 1 (since the only
extra entanglement after operation 2 for each vertex vi is with v′i, but now they
are all deleted.) Hence, now the sum of degree of all vertices is less than d0, and
we can now perform operation 1 on the vertices with odd degree arbitrarily and
repeatedly until all vertices have even degree, and the sum of degree of all vertices
does not increase further during this final process. Hence, now we reached d1 and
it is evident that d1 < d0.

Case 2. Now suppose it is impossible to delete all vertices v′i for k′ + 1 ≤ i ≤ k,
then at one point the remaining vertices of the copied ones (i.e. v′i) have all even
degree. Let l s.t. v′k′+1, . . . , v

′
l are deleted in the process, while v′l+1, . . . , v

′
k are
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remained and have even degree. Now, let’s look at original copy vi. Now, the
numbers D(v1), D(v2), . . . , D(vl) each decreases by 1 compared to the moment after
performing operation 2 (hence they are even) as v′i are deleted for i = 1, 2, . . . , l
while the number D(vi) still remains unchanged for l + 1 ≤ i ≤ k compared to the
moment after performing operation 2 (hence they are odd).

We claim that after suitable operations, only v1, v2, . . . , vl are left and since the
initial degree (just before operation 2) of vl+1, vl+2, . . . , vk are all nonzero, and k > l
by assumption, in the end x = D(v1) +D(v2) + . . .+D(vl) < d0 and by performing
operation 1 to them arbitrarily (until all remaining vertices have even degree) yields
d1 ≤ x < d0. To justify the claim, we see that for l + 1 ≤ i ≤ k, D(vi) and D(v′i)
have different parity. Since vi and vj are entangled iff v′i and v′j are entangled, and
v′1, v

′
2, . . . , v

′
l deleted while the other vertices are preserved, we know that for each

vi for l + 1 ≤ i ≤ k, it is entangled to odd number of vertices among v1, v2, . . . , vl.
With this, we claim that we can delete vi and v′i repeatively for each l + 1 ≤ i ≤ k,
with the following conditions remain after each of this process:
• vi is deleted iff v′i is deleted ∀l + 1 ≤ i ≤ k;
• For the remaining vertices vj and v′j(l + 1 ≤ j ≤ k) the parity of their degree is
different.

The base case is true, where D(vi) is odd and D(v′i) is even. For inductive step,
choose an i arbitrarily, and by assumption D(vi) and D(v′i) have different parity,
so let say D(vi) is odd. We delete it, which causes D(v′i) to decrease by 1, hence
changes from even to odd, so we can delete v′i. To show that the desired condition
remains, we see that vi is deleted iff v′i is deleted, so the difference D(vi) − D(v′i)
(for each i s.t. vi not deleted, l+1 ≤ i ≤ k) is precisely the number of entanglement
between vi and vj for 1 ≤ j ≤ l, which is odd (as the vertices v1, v2, . . . vl are not
deleted in the entire process) hence D(vi) and D(v′i) have different parity. In the
end of the procedure it yields only v1, v2, . . . , vl are left.

Now in both cases we have d1 < d0, and by repeating the process above and getting
numbers d2, d3, . . . yields the numbers keep decreasing (for di > 0). Since the
numbers di cannot be negative, there must exist an i s.t. di = 0 and we are done.
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2. Denote the condition that for a pair of numbers n and n′, p | n iff p | n′ for all
primes p ≤ k as in the problem as (*). Define a good sequence {ai}i≥0 with a0 = k
and for all i ≥ 0, ai+1 is the smallest integer that is larger than ai and coprime to
none of a0, a1, . . . , ai. We claim that a number is good iff it is in the sequence. To
justify this, if ai is the starting number for some i, then Ana must write a number
x not in the sequence, and by definition x is relatively prime to some number aj
in the sequence with aj < x, so Banana can choose aj (with j < i). Repeating
the process yields Banana to choose a0, where he wins. Conversely, if the starting
number is not in the sequence, then by similar argument she can choose a number
from the sequence {ai} where Banana can only choose numbers not in the sequence,
hence Ana can eventually choose a0 and she wins. Notice that n is good iff it is not
coprime to any of the good numbers. Hence, if n and n′ have same set of prime
divisors, then for any m ∈ N, m ⊥ n⇔ m ⊥ n′, so by letting m = ai for each i we
know that n and n′ are both good or both bad.

Now, we proceed to the problem. From the previous proof we know that whether a
number is good depends only on its prime divisors. Also, it is clear that it suffices
to prove for numbers n and n0 that satisfies (*) and n0 has no prime divisor greater
than k. If n0 is good, then it has at least one prime divisor with any good number
in the sequence, and since for each prime p, p | n0 ⇒ p | n, we know that n satisfies
this property too. Hence n is good.

On the other hand we would like to prove that if n is good then n0 is good too.
Suppose that this is false, and let m be the smallest good number such that there
is a bad number m0 which has no prime divisor greater than k, where m and m0

satisify (*). We prove that there exists a number m1 s.t. k < m1 < m and m1

shares same set of prime divisors as m0 (by proof above m1 is bad too). Now, let
P = {pi : 1 ≤ i ≤ x} be the set of prime divisors of m0 and m1, and Q = {qi ≤ i ≤
y} be the set of prime divisors of m that is greater than k. Consider the number

t =
x∏

i=1

pi (t > 1, otherwise m has all prime divisors greater than k and is relatively

prime to k = a0 so m must be bad). We know that m ≥ t ·
y∏

i=1

qi > t · ky ≥ tk.

On the other hand, consider the number a such that ta−1 ≤ k < ta, which means
ta ≤ tk, and t has same set of prime divisors as m0, hence k < ta ≤ tk < m and we
can choose m1 = ta.

By our assumption there is a good number l < m1 < m that is coprime to m1 but
not relatively prime to m. Then R, the set of prime divisors of gcd(l,m) is subset
of Q. Let l′ > k be a number such that: for p 6∈ R we have p | l ⇔ p | l′ and l′ has
no prime divisor in R (in particular l and l′ satisfy (*)). Then l′ ⊥ m, and since m
is good, l′ is bad. Let l0 s.t. l0 and l′ satisfy (*) and l0 has no prime divisor greater
than k. By the proof above, if l0 is good then l′ is good, which is impossible hence
l0 is bad. Now l is good and l0 is bad, and l, l′, l0 have same set of prime divisors
not more than k, which contradicts the minimality of m being a good number and
there exists a bad m0 with both numbers having same set of prime divisors not
more than k since l < m. This complete the proof. Q.E.D.
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