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1 Introduction

Geometry is the oldest subject in mathematics. Our ancestors first studied mathematics by measuring the
size of land and studying the most suitable shape for buildings.

For this reason, it worth noting that in IMO, usually 2 problems chosen for the contest are geometry (except
IMO 2011 where the only geometry problem is problem 6). This shows the respect of people towards
geometry and students should love geometry to excel in mathematical olympiad!
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Diagram 1

2 Similar triangles

For example, 4AEF ∼ 4ABC in the above diagram. An important skill is to know when two triangles are
similar. Congruent triangles are similar triangles, but with the same size.

3 Cyclic quadrilaterals

Also called inscribed quadrilaterals. A quadrilateral with its vertices lying on a circle. For example,
A,B,K,C is a cyclic quadrilateral above.

A quadrilateral ABCD is a cyclic quadrilateral if and only if :

1. Some edge subtends equal angles at the remaining two vertices, or

2. Two opposite angles add up to 180◦.
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For example, in the diagram above, ABCD is a cyclic quadrilateral if and only if ∠ADB = ∠ACB, and
A1B1C1D1 is a cyclic quadrilateral if and only if ∠B1AD1 + ∠B1C1D1 = 180◦.

Going back to Diagram 1, B,C,E, F is also a cyclic quadrilateral, since ∠BFC = ∠BEC = 90◦. Learn to
recognize cyclic quadrilaterals quickly, since they are often the key to solving a problem.

4 Power of a point

For a cyclic quadrilateral BCEF (as in the diagram), if you extend two opposite sides to meet at points A
and G, then we have

AF ·AB = AE ·AC and GB ·BC = GF ·GE

We also have
FH ·HC = BH ·HE



Power of point of A,G,H is AF · AB = AE · AC, GB · BC = GF · GE, −FH · HC = −BH · HE. This
shows points outside the circle has positive power of point to it, and points inside the circle has negative
power of point to it.
Question: Which point in the diagram has zero power of point w.r.t. the circle?
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Proof: Firstly note that from the properties of cyclic quadrilaterals, we have

∠AEF = 180◦ − ∠CEF = ∠FBC = ∠ABC

We also have
∠AFE = 180◦ − ∠BFE = ∠ECB

Since now two of their angles are equal, it follows that 4AEF ∼ 4ABC, so we now have the relation

AE

AF
=

AB

AC
⇐⇒ AF ·AB = AE ·AC

Similarly, we can also prove that GB ·BC = GF ·GE. I leave it to you to prove that FH ·HC = BH ·HE.

�

Exercise: Prove that power of a point of A w.r.t. circle ω with centre O is equal to AO2 − R2, where R is
the radius of ω.



5 Special points in a triangle

These are a few points which are particularly well-known, along with their common notation:

1. Orthocenter: The intersection of the altitudes of a triangle, H.
Think: Why are altitudes of a triangle concurrent?

A

B C
D

E

F

H

Properties:

(i) Lots of cyclic quadrilaterals in the above diagram, AEHF,BFHD,CDHE, and BFEC,AEDB,AFDC.

(ii) H is the incenter of 4DEF .

(iii) The reflection of H across any side of 4ABC lie on its circumcircle.

(iv) Among A,H,B,C, any point is the orthocentre of the triangle determined by three other points.
We say A,H,B,C are orthocentric.

2. Incenter: The intersection of the internal angle bisectors of a triangle, I.
Think: Why are internal bisectors of a triangle concurrent?
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Properties:

(i) I is the center of the incircle, the circle tangent to all 3 sides of the triangle, lying inside the triangle.

(ii) The circumcenter of 4ABI lies on the circumcircle of 4ABC. Similarly, the centers of triangles
BCI,CAI also lie on this circle.

(iii) The circumcenter of 4ABI also lies on the line CI, and similarly for the other 2 triangles (BCI,
CAI).

3. Centroid: The intersection of the medians of a triangle, G.
Think: Why are medians of a triangle concurrent?
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Properties:

(i) AG : GD = BG : GE = CG : GF = 2 : 1,

(ii) The 3 medians split the triangle into 6 triangles of equal area.

Exercise: Prove that EF ‖ BC, ED ‖ AB, and DF ‖ AC.

4. Circumcenter: The center of the circle containing all three vertices of a triangle, O.

Properties:
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(i) O is the intersection of the perpendicular bisectors of each of the sides of 4ABC.
Think: Why are perpendicular bisectors of a triangle concurrent?



6 Area
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Let | S | denote the area of figure S. One important property about areas is that in the diagram above,

| 4ABD |
| 4ACD |

=
BD

DC

7 Strategies

1. Draw an accurate and large diagram. An accurate diagram lets you see clearly the relations between
points and lines, which gives you an insight of conjectures that lead to the solutions of the problem.
A large diagram enables you to spot tiny little details of solving a geometry problem.

How big should a geometric diagram be? It depends on how complicated is the diagram, but usually

we need at least
1

2
A4 pages.

Please note that, in an olympiad contest, no diagram will be given!

2. Sometimes, it is easier to solve a generalised problem than the specialised problem given in the contest.
On the other hand, sometimes we need to come out with specialised conjectures in order to solve
generalised problems.

3. Draw extra lines, circles, or other geometric figures when necessary! However, overdrawing (or drawing
unnecessary figures) may ruin your diagram. Same goes for angle chasing and labeling.

Everything comes with experience, and experience can only be gained from problem solving and reading
assignments.

4. Be rigorous! Makes sure that your proof cover all cases. For example, if the problem asks you to
prove for all triangles, you should not assume it as an acute triangle. Otherwise, you will lose precious
marks. Also, draw as general a diagram as possible. For example, geometry problem solvers usually
intentionally avoid drawing isoceles triangles for proof asking on general triangles.

Moreover, if the problem asks for a proof on ”X if and only if Y ” then you should prove in both
directions: ”If X then Y ” and ”If Y and X”.

Remember, 99% proven is 0% proven.



8 Problems.

1. Let O,G,H to be the circumcentre, centroid and orthocentre of a triangle, respectively. Show that
O,G,H is collinear and HG = 2GO (the line is known as Euler’s line).

2. Let ABC to be a triangle with ACB = 90◦. Let CD to be altitude to AB, CE to be the internal
bisector of ∠ACB, and CF to be the median to AB. Prove that CE bisects ∠DCF .

3. Given any 4ABC, AE bisects ∠BAC and BD bisects ∠CBA. Let CQ to be the altitude of AE, and
CP to be altitude of BD. Prove that PQ ‖ AB.

4. The measure of the longer base of a trapezoid is 97. The measure of the line segment joining the
midpoints of the diagonals is 3. Find the measure of the shorter base.

5. In 4ABC, CF is the altitude of AB and BE is the altitude of AC. BE is extended to G so that
EG = CF . A line through G and parallel to AC meets BA at H. Prove that AH = AC.

6. Prove that, for any quafrilateral ABCD, AB2 + CD2 = AD2 + BC2 if and only if diagonals AC and
BD are perpendicular.

7. AB and AC are tangent to a circle with centre O at B and C, respectively. Let BD to be a diameter
of the circle and E on BD with CE ⊥ BD. Prove that BD ·BO = AB · CE.

8. (IMO selection Test 2008) Consider a convex quadrilateral ABCD with points M and N lie on AB
such that AM = MN = NB. Points P and Q lie on CD such that CP = PQ = QD.

Prove that |AMCP | = |MNPQ| = 1
3 |ABCD|.

9. (IMO Selection test 2008) Consider a parallelogram ABCD. Let l be the interior angle bisector of
∠BAD. The line l intersects DC at F and intersects BC at G. Let E to be the circumcentre of
triangle CFG. Prove that B,E,C,D are concyclic.

The 3 final problems are taken from TOT, APMO, and IMO, which are very prestigous mathematical
competitions. We advise students to attempt these problems seriously.

10. (IMTOT Fall 2011, Junior O-level) P and Q are points on the longest side AB of the triangle ABC
such that AQ = AC and BP = BC. Prove that the circumcentre of4CPQ coincides with the incentre
of triangle ABC.

11. (APMO 2010) Let ABC be a triangle with ∠BAC 6= 90◦. Let O be the circumcenter of 4ABC and Γ
be the circumcircle of BOC. Let Γ intersects segment AB again at P 6= B, and segment AC again at
Q 6= C. Let ON be a diameter of Γ. Prove that APNQ is a parallelogram.

12. (IMO 2007) In triangle ABC the internal bisector of ∠BCA intersects circumcircle of 4ABC again
at R, the perpendicular bisector of BC at P , and the perpendicular bisector of AC at Q. Let the
midpoint of BC and AC to be K,L respectively. Prove that | 4RPK| = | 4RQL|.
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